ABSTRACT We introduce the log-h-convex concept for the interval-valued functions (IVFs) and establish some of the new Jensen's, Hadamard's, and Hadamard-Fejér's inequalities for this kind of functions, which generalize some known results. Meanwhile, some interesting examples are given.
I. INTRODUCTION
The significance and application value of convex functions are well known, especially in the study of inequalities, convex functions plays an irreplaceable role. In recent years, the concepts of various types convexity have been proposed, for example, h-convexity [1] , s-logarithmically convexity [2] and log-preinvexity [3] . Many remarkable inequalities can be found in the literature [1] - [14] via the convexity theory. In particular, an important generalization of convex functions is the log-convex functions introduced by Pečarić et al. [4] . Using the concept of logarithmic convexity, some Jensen's and Hadamard's inequalities for log-convex functions are given, see [6] - [10] . As a further extension, Noor et al. [14] proposed the log-h-convex concept and proved Hadamard's inequality for log-h-convex functions as follows: 
If h(t) = t for t ∈ [0, 1], then inequality (I.1) reduces to the Hadamard's inequality for log-convex functions.
For another, in order to improve the reliability of the calculation results and automatically perform error analysis, Moore [15] proposed the theory of interval analysis. It is a discipline in which an uncertain variable is represented by an interval of real numbers and real operations are replaced
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by interval operations. In the past fifty years, interval analysis has been widely used in many fields as a method to solve uncertain problems. Recently, Chalco-Cano, Costa et al. have extended some classical integral inequalities to the form of interval-valued functions (shortly, IVFs), see [16] - [21] . Motivated by [18] , [20] , we introduce the log-h-convex concept for IVFs, then we establish some new Jensen's, Hadamard's and Hadamard-Fejér's inequalities for the class of log-h-convex IVFs as the main purpose of this paper. Examples are also given to illustrate our results. In addition, the results of this paper can be used as a tool for further study of inequalities for fuzzy-interval-valued functions, interval optimization theory and interval convex analysis.
II. PRELIMINARIES
Let K c denote the set of all closed and bounded intervals of R, 
Throughout this paper, we assume that J is an interval in R, (0, 1) ⊂ J . Next, we review some known concepts.
Definition 3 [4] : 
If (II.3) is reversed, then h is called submultiplicative. If the equality holds in (II.3), then h is called multiplicative.
III. MAIN RESULT
In this section, we prove Jensen's, Hadamard's and Hadamard-Fejér's inequalities for log-h-convex IVFs. We begin by introducing the new concept of log-h-convex IVFs.
be an interval-valued function, h : J → R be a nonnegative function and h ≡ 0. We say that f is log-h-convex if
f (tx + (1 − t)y) ⊇ [f (x)] h(t) [f (y)] h(1−t) (III.1) for all x, y ∈ [a, b] and t ∈ [0, 1]. If (III.1
) is reversed, then f is log-h-concave. Remark 6: If h(t) = t in Definition 5, then the logh-convex(concave) IVFs reduce to the log-convex (concave) IVFs. The family of all log-convex (concave), log-h-convex (concave) IVFs on
Proof: This proof is similar to Theorem 3.7 in [18] , so it is omitted.
2) is reversed. Proof: Let t 1 , t 2 , t 3 ∈ J be numbers that satisfy the hypothesis, and h(t 3 − t 1 ) > 0, then
Thus,
.
Similarly, we obtain
Consequently,
We can obtain Jensen's inequality for log-h-convex functions in the following result.
Theorem 11: Proof: If n = 2, then from Definition 4, we have
, ∞). If h is a nonnegative super multiplicative function and f
Suppose (III.4) holds for n = k, then
Now, let us prove that (III.4) is vaild when n = k + 1.
This completes the proof.
The following result can be obtained directly from Theorem 11.
Theorem 12:
Pn , (III.5)
Remark 13: If h(t) = t, then inequality (III.5) is the Jensen's inequality for log-convex functions.
Now, we prove the Jensen's inequality for log-h-convex IVFs.
. , n, n ≥ 2). If h is a nonnegative multiplicative function and f ∈ SX (log
Pn , (III.6)
Proof: By Theorem 7 and Theorem 12, we have
Pn .
This completes the proof. If p 1 = p 2 = . . . = p n = 1 in (III.6), then we have 1, 2, . . . , n, n ≥ 2). If h is a nonnegative multiplicative VOLUME 7, 2019 function and f ∈ SX (log -h, [a, b] 
is reversed. A refinement of Jensen's inequality for log-h-convex IVFs is given in the following theorem.
Theorem 16:
and then
Multiplying all inequalities (III.9) for i = 1, . . . , n, then we obtain
Next, we prove the Hadamard's inequality for log-hconvex IVFs.
Taking logarithms on both sides of (III.11), then we obtain
That is,
Remark 18: If f = f , then Theorem 17 reduces to Theorem 3.1 in [14]. If f = f and h(t) = t in Theorem 17, then we obtain Hadamard's inequality for log-convex functions.
Corollary
e, e 14 9 , and
Consequently, we obtain that and Theorem 17 is verified.
As a further extension, we give the Hadamard-Fejér's inequality for log-h-convex IVFs. Firstly, we prove the second Hadamard-Fejér's inequality for log-h-convex IVFs, which generalize Theorem 3 in [13] . 
then we complete the proof.
Next, we prove the first Hadamard-Fejér's inequality for log-h-convex IVFs, which generalizes Theorem 5 in [13] . 
Thus,

IV. CONCLUSION
In this work, the log-h-convex concept for IVFs is introduced and some new Jensen's, Hadamard's and Hadamard-Fejér's inequalities are established, our results generalize some known inequalities. We intend to use various types of convex functions to study the integral inequalities of fuzzy-intervalvalued functions and some applications in interval optimization theory as further research directions.
